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Abstract. Among the general class of metric-affine theories of gravity, there is a special
class conformed by those endowed with a projective symmetry. Perhaps the simplest manner
to realise this symmetry is by constructing the action in terms of the symmetric part of the
Ricci tensor. In these theories, the connection can be solved algebraically in terms of a metric
that relates to the spacetime metric by means of the so-called deformation matrix that is
given in terms of the matter fields. In most phenomenological applications, this deformation
matrix is assumed to inherit the symmetries of the matter sector so that in the presence
of an isotropic energy-momentum tensor, it respects isotropy. In this work we discuss this
condition and, in particular, we show how the deformation matrix can be anisotropic even in
the presence of isotropic sources due to the non-linear nature of the equations. Remarkably,
we find that Eddington-inspired-Born-Infeld theories do not admit anisotropic deformations,
but more general theories do. However, we find that the anisotropic branches of solutions are
generally prone to a pathological physical behaviour.
ar
X
iv
:2
00
6.
07
40
6v
1 
 [g
r-q
c] 
 12
 Ju
n 2
02
0
Contents
1 Introduction 1
2 Projectively invariant theories 3
3 Solutions with anisotropic deformation 5
3.1 Anisotropic deformations in vacuum 7
3.2 No anisotropic deformations within EiBI 8
3.3 Theories f(X1, Xn) 8
3.4 General quadratic theory 9
3.4.1 Isotropic solutions in the quadratic theory 12
3.4.2 Axisymmetric solutions in the quadratic theory 14
4 Anisotropic deformation matrix in physical scenarios 17
4.1 Application to Cosmology 17
4.2 Static spherically symmetric geometries 19
5 Anisotropy in the Einstein frame 20
6 Discussion 23
1 Introduction
General Relativity (GR) is still the best candidate to describe the gravitational interactions
within the energy range in which gravity has been tested up to date [1]. From the 1.75 arcsec-
onds in the bending of light during the solar eclipse of 1919 [2–4] to the first observation of the
shadow of a super-massive black hole in 2019 [5] GR has shown an impeccable performance in
explaining the measurements related to gravitational physics. Despite this impressive success,
there are well grounded reasons to search for departures from GR both at low and high ener-
gies (large and microscopic scales). At the lowest energies at which gravity has been tested,
the agreement of GR with the observations relies on the existence of dark matter [6–9] and
the inclusion of an unnaturally small cosmological constant in the gravitational action [9–11],
which leads to the standard ΛCDM cosmology. However, even by assuming the existence of
dark matter, there could still be tensions concerning observables related to galactic dynamics
[12–14], which could very well originate from our poor understanding of structures formation
and/or the baryonic physics inside virialised objects. On the other hand, the cosmological
evolution also serves as an arena to test the infrarred regime of gravity where new degrees of
freedom could dwell (see e.g. [15–18]). In the high energy regime, departures from GR are
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motivated by the search of a UV completion and the avoidance of singularities, which would
eventually help to understand the physics at very early times or near the centre of black holes.
GR is a perfectly valid effective field theory (EFT) up to (in the most optimistic scenario) the
Planck scale [19–21], where the EFT approach breaks down and new physics is expected to
come in to regularise the theory and render it free of singularities.
Most modifications to GR have been formulated in the metric formalism, where all the
(diffeomorphism invariant) effective operators can be written as higher order curvature terms
in the action that would correct GR at some high energy scale ΛG (see e.g. the systematic
construction of [22]). Nonetheless, it is known that at the scale ΛG the theory will enter its
strong coupling regime and presents violation of unitarity [19–21]. One of the very remark-
able properties of gravity is its geometrical interpretation and this has motivated a flare of
GR extensions based on extending the geometrical framework where the connection is pro-
moted to an independent entity and treated on equal footing with the metric. A common
shortcoming of these so-called metric-affine theories is the general presence of ghost-like de-
grees of freedom that makes the construction of consistent theories an arduous task [23–26].
There is however a particular family of metric-affine theories, commonly dubbed Ricci-Based
Gravity (RBG) theories, where the existence of a projective symmetry suffices to render them
ghost-free [23, 26]. This is essentially due to this symmetry preventing the appearance of
dynamical degrees of freedom associated to the connection and, as a matter of fact, they
can be shown to be nothing but GR1. These projectively invariant RBG theories comprise
for instance the extensively studied cases of f(R) or Eddington-inspired-Born-Infeld theories
(see [27, 28]); and several models within the (projectively invariant) RBG class have already
been widely studied both in cosmological [29, 29–49] as well as astrophysical scenarios [50–70].
An appealing feature of RBG theories2 is that the independent affine connection turns
out to be an auxiliary field that can be integrated out as the Levi-Civita connection of a metric
tensor qµν that can differ from the spacetime metric gµν as we will review below. As shown in
e.g. [28, 71–75], the definition of the metric qµν permits an Einstein frame representation with
a non-linearly modified matter Lagrangian. In this frame it becomes apparent that the role of
the connection is that of an auxiliary field, which effectively encodes new matter interactions
with a universal scale that is constrained by experiments [76–78]. Also, given the Einstein
frame representation, solutions can be found by standard methods [68, 69, 79]. The key
ingredient to go from the spacetime metric frame to the Einstein frame is the existence of a
deformation matrix Ωµν relating both metrics as qµν = Ωµ
αgαν . This deformation matrix is an
on-shell function of the stress-energy tensor and the spacetime metric. As shown below, this
matrix is obtained from the connection field equations, which in general are highly non-linear,
thus in principle allowing for several solutions. In cosmological applications, it is typically
1We thank Diego Rubiera for a useful remark on this point.
2Henceforth we will only consider projectively invariant RBG theories.
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assumed that the deformation matrix has the same symmetries as the energy-momentum
tensor and the spacetime metric, so that both metrics share the same symmetries. The
existence of this solution is guaranteed by demanding that the non-linear corrections amount
to at most a cosmological constant in the low energy limit.
In this work we will explore the possibility that, due to the non-linearities of the equations
that determine the deformation matrix, there could as well exist other solutions for Ωµν which
do not respect the stress-energy tensor and the spacetime metric symmetries. In RBG theories,
while the matter degrees of freedom evolve in the background given by the spacetime metric,
gravitational waves can be associated to perturbations of the metric qµν , and they propagate
in the background defined by it [43]. Thus, the possible existence of anisotropic deformation
matrices for an isotropic cosmological fluid could introduce interesting effects in gravitational
wave propagation that may be worth studying.
The structure of the paper goes as follows. In section 2 projectively invariant RBG
theories are presented, showing the role played by the deformation matrix. In section 3 the
conditions for a general theory to admit anisotropic deformation matrices when coupled to an
isotropic fluid is studied, particularizing later to EiBI and polynomial theories. The solutions
of the general quadratic theory is analysed in greater detail. In section 4 we introduce an
anisotropic deformation matrix in cosmological and black-hole symmetric scenarios and com-
ment on possible physical implications of the anisotropies. Finally in 5 we give an account of
how the anisotropies are described in the Einstein frame, particularly explaining how to recon-
cile them with the well-known no-hair theorem in GR cosmologies sourced with a cosmological
constant. We then conclude in 6.
2 Projectively invariant theories
In this section we will introduce the general formalism for the class of solutions under consid-
eration in this work. As explained above, we will impose a projective symmetry3 to prevent
ghost-like instabilities [23, 26] that we achieve by only considering the symmetric part of the
Ricci tensor so the gravitational action can be expressed as
S = 1
2
M2PlM
2
∫
d4x
√−gL(gµν , 1
M2
R(αβ)(Γ)) + Sm[gµν , ψ] (2.1)
with L some scalar function defining the theory, M is a mass scale characterising the deviations
from the Einstein-Hilbert (EH) action, and Sm is action for the matter fields ψ that are
assumed to be minimally coupled to the spacetime metric for simplicity (the interested reader
is referred to [26, 71] for discussions on non-minimally coupled matter in RBG theories). From
here on we will omit the dependence on the independent affine connection of Rµν . Since the
Lagrangian must be a scalar built in terms of gµν and R(µν), it can only depend on the matrix
3This symmetry amounts to the theory being invariant under Γαµβ → Γαµβ + ξµδαβ for an arbitrary ξµ.
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P µν =
1
M2
gµαR(αν). Using now that a general 4× 4 matrix has four independent scalars that
we can choose to be Xn = Tr Pˆ
n, where a hat denotes matrix notation, the general action can
always be expressed as
S = 1
2
M2PlM
2
∫
d4x
√−gF (X1, X2, X3, X4) + Sm[gµν , ψ] (2.2)
for some scalar function F . Expanding the action at low curvatures leads to
S ' 1
2
M2Pl
∫
d4x
√−g
[
M2F0 +
∂F
∂X1
∣∣∣∣
0
R+ 1
2M2
(
∂2F
∂X21
∣∣∣∣
0
R2 + ∂F
∂X2
∣∣∣∣
0
R(µν)R(µν)
)
+O (R3(µν))] ,
(2.3)
where the subscript 0 stands for evaluation at zero curvature. We need to impose ∂F
∂X1
∣∣∣
0
= 1
in order to guarantee that the EH action is recovered at low energies. Notice that the new
scale M induces a cosmological constant term for non-vanishing F0. The field equations for
the metric and connection derived from the action (2.1) are
∂F
∂gµν
− 1
2
Fgµν =
1
M2PlM
2
Tµν , (2.4)
∇α
(√−g ∂F
∂Rµν
)
= 0, (2.5)
with Tµν the stress-energy tensor. The above equation for the connection implies that the
independent connection of this general class of theories is given by the Levi-Civita connection
of a metric defined as
√−qqµν = √−g∂F/∂R(µν). Now for Lagrangians which are analytic
functions of the Ricci tensor, this metric has an on-shell relation to the spacetime metric gµν
of the form4
qµν = gµαΩ
α
ν(g, T ), (2.6)
where the deformation matrix is an on-shell function of one of the metrics (the relation can
be inverted) and the stress-energy tensor. Here qµν denotes the inverse of q
µν . The functional
form of the deformation matrix Ωµν depends on the specific theory under consideration, being
given by [28]
Ωˆ ≡
√
det
(
∂F
∂Pˆ
)(
∂F
∂Pˆ
)
. (2.7)
Since we are assuming that the Lagrangian is an analytic function of Pˆ µν , we see that the
deformation matrix is also an analytic function of Pˆ . Among other interesting properties, this
4This can be easily understood because F is a function of gµαR(αν) so that the derivatives with respect to
gµν and with respect to the curvature are related. This further allows to algebraically solve for the derivative
in (2.5) from (2.4) in terms of the matter fields and the spacetime metric gµν .
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means that Ωˆ commutes with Pˆ . The on-shell solution for the deformation matrix is obtained
from the set of metric field equations, which can be re-written as [28]
Pˆ
∂F
∂Pˆ
− 1
2
F1 =
1
M2PlM
2
Tˆ (2.8)
where 1 is the identity matrix and Tˆ is the matrix representation of the energy-momentum
tensor T µν . These equations allow to obtain Pˆ , and consequently the deformation matrix, in
terms of the matter variables and the spacetime metric. Notice that while for the EH action
the above equations (2.7) and (2.8) give respectively a trivial deformation matrix and the
Einstein equations, for other theories they become non-linear. This implies the possibility
that neither Pˆ nor Ωˆ have the same symmetries than the stress-energy tensor and/or the
spacetime metric. In particular, though not studied yet in the literature, an isotropic fluid
could give rise to anisotropic deformation matrices, the motu of this work being to understand
when this possibility can be realized and its implications.
3 Solutions with anisotropic deformation
After going through the general formalism, let us now focus on the special case when the matter
sector is described by a perfect fluid with isotropic pressure. In most of the cases treated in
the literature, the isotropy of the energy-momentum tensor is assumed to be inherited by
the deformation matrix, which is a reasonable and consistent assumption. Our interest in
this work is, however, to go beyond this assumption and explore whether solutions with a
deformation matrix that does not inherit the isotropy of the matter sector are possible. This
would imply that the two metrics do not share the same symmetries either. The existence
of such solutions is plausible due to the non-linear nature of the equations (were they linear,
the symmetries of the energy-momentum tensor must always be inherited by the gravitational
sector), in close analogy to the existence of Bianchi I solutions in a universe filled with an
isotropic fluid. We will expand on this analogy in Section 5. Our Ansatz for the matter
energy-momentum tensor and the fundamental matrix Pˆ will then be
T µν =

−ρ
p
p
p
 and P µν =

P0
P1
P2
P3
 , (3.1)
which leads to a deformation matrix of the form Ωˆ = diag(Ω0,Ω1,Ω2,Ω3); and also to a simple
relation between the Xn and the eigenvalues of Pˆ , that is Xn =
∑3
i=0 P
n
i . The metric field
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equations (2.8) read
P0
∂F
∂P0
=
1
2
F − ρ¯, (3.2)
Pi
∂F
∂Pi
=
1
2
F + p¯, for i = 1, 2, 3; (3.3)
where no summation over i is intended, and we have normalised the density and pressure
as ρ¯ = ρ/(M2PlM
2) and p¯ = p/(M2PlM
2). We can split the spatial equations (3.3) into the
isotropic part given by the trace
1
3
3∑
i=1
Pi
∂F
∂Pi
=
1
2
F + p¯ (3.4)
and the anisotropic part given by
Pi
∂F
∂Pi
− Pj ∂F
∂Pj
= 0, for i 6= j (3.5)
We can alternatively use that the function F can be expressed as F = F (X1, X2, X3, X4) to
re-write the above set of conditions as
4∑
n=1
an(P
n
i − P nj ) = 0, for i 6= j (3.6)
with an = n∂F/∂Xn. Out of these three conditions, only two of them are independent because
the sum of the three equations identically vanishes. Moreover, since the equations are invariant
under permutations of Ω1, Ω2 and Ω3, we can take the two independent conditions as
a1(P1 − P2) + a2(P 21 − P 22 ) + a3(P 31 − P 32 ) + a4(P 41 − P 42 ) = 0,
a1(P1 − P3) + a2(P 21 − P 23 ) + a3(P 31 − P 33 ) + a4(P 41 − P 43 ) = 0 (3.7)
From these equations we can easily obtain a set of necessary conditions for the existence of
solutions with a non-isotropic deformation matrix. A remarkable result is that, since these
equations do not depend on the matter content, it is only the precise form of the theory what
will determine whether anisotropic solutions are possible or not. In particular, it is interesting
to look for vacuum anisotropic deformations. The way to proceed then is to solve (3.7) for
two of the components of Ωˆ for the anisotropic branch of solutions (if any) and, then, use
(3.4) and (3.2) to obtain the full solution with the components of the matrix Pˆ in terms of
the ρ¯ and p¯.
Obviously, the isotropic solution with Ω1 = Ω2 = Ω3 satisfies (3.7). However, given
the non-linearity of the conditions, it is possible to have multiple isotropic branches. It is
guaranteed by construction that for one of these branches the non-linearities will become
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irrelevant at low energies. The next non-trivial example is the case with axisymmetry, i.e.,
two components are equal and different from the third. Without loss of generality we can
assume Ω1 = Ω2 6= Ω3, which implies that P1 = P2 6= P3. In that case, the first of the two
conditions in (3.7) is trivially satisfied, but the second one still represents a constraint. In the
general case eqs. (3.2), (3.4) and (3.7) will also be contraints that should be interpreted as
necessary but not sufficient conditions that a particular theory of matter plus gravity has to
fulfil in order to admit at least one anisotropic solution. Besides finding non-trivial anisotropic
solutions from those equations, one needs to further corroborate that they can be physical,
for instance, the resulting Ωˆ must be positive definite. In the following we will illustrate these
considerations with some explicit examples.
3.1 Anisotropic deformations in vacuum
Let us see whether there is any theory within the projectively invariant RBG class which
admits an anisotropic deformation matrix in vacuum. The interest is twofold: 1) because if
there is no such theory, all the anisotropic solutions that can be constructed in the presence of
matter will not have a well behaved limit at low densities. 2) Because any theory within the
RBG class that admits an anisotropic vacuum deformation, since it also admits an isotropic
one by construction, will have a nontrivial vacuum structure that could potentially introduce
vacuum instabilities. The metric field equations in vacuum are given by (3.2) and (3.3) with
ρ¯ = p¯ = 0, which can be written as
Pµ
∂F
∂Pµ
=
1
2
F, (3.8)
where µ = 0, 1, 2, 3 and no sumation over µ is understood here. In general, the above equation
implies an on-shell relation of the form P0(P1, P2, P3). For the particular cases of isotropic
(P1 = P2 = P3) and axisymmetric (P1 6= P2 = P3) this dependence is reduced to P0(P1) and
P0(P1, P2) respectively. By using the definition of the deformation matrix (2.7), from (3.8)
we also arrive to another on-shell condition that must be satisfied by any vacuum anisotropic
solution, that is
Ωµ
Ων
=
Pµ
Pν
∀ µ, ν. (3.9)
Since we are demanding that all the eigenvalues of Ωˆ are positive, the above equation implies
that the Pµ’s must all have the same sign when the field equations of the corresponding theory
are satisfied. Yet another condition imposed by the positivity of the Ωµ’s and the dynamics
of RBG is that on-shell
F/Pµ > 0 ∀ µ (3.10)
must be satisfied, which implies that the Lagrangian must also have the same sign as the Pµ
when the field equations are satisfied. Thus, in principle, an RBG satisfying this conditions
could have anisotropic vacuum solutions. Let us now analize particular theories which are of
interest by themselves.
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3.2 No anisotropic deformations within EiBI
One of the most extensively analysed metric-affine theories is the class of EiBI theories (see
[28] and references therein). An immediate consequence of the necessary conditions for the
existence of solutions with anisotropic deformation matrix expressed in (3.5) is that they do
not exist for the EiBI theories. In order to see this, we simply need to write (3.5) when
F =
√
det(1 + Pˆ ), yielding√
det(1 + Pˆ )
(
Pi
1 + Pi
− Pj
1 + Pj
)
= 0, i 6= j. (3.11)
Since det(1 + Pˆ ) must be non-vanishing in order to have a regular deformation matrix, we
obtain that the only solution to the above equation is Pi = Pj and, thus, the solution must
be isotropic. This result agrees and generalises the findings in the literature. For instance,
Bianchi I solutions within the EiBI theory were studied in [80] and it was found that the
deformation matrix was indeed isotropic for an isotropic fluid despite having two Bianchi I
Ansatz for qµν and gµν . The spherically symmetric configurations of EiBI theory coupled
to an anisotropic fluid have also been studied in [61] with an isotropic deformation matrix.
Again, when going to the isotropic case, the obtained solutions for the deformation matrix also
become isotropic (in fact, they are proportional to the identity matrix, which is a consequence
of having considered a cosmological constant-like fluid).
The result that no anisotropic solutions exist within EiBI gravity can be generalised in
a straightforward manner to the functional extensions of the EiBI theory considered in [81],
where the action is given by an arbitrary function of the scalar det(1 + Pˆ ). In that case, the
above condition condition generalises to
F ′ det(1 + Pˆ )
(
Pi
1 + Pi
− Pj
1 + Pj
)
= 0, i 6= j, (3.12)
which again implies the isotropic solution with Pi = Pj provided that the pre-factor in the
above equation is non-vanishing.
3.3 Theories f(X1, Xn)
General results can also be obtained for theories that have a Lagrangian defined in terms of
X1 and only one of the higher order scalars Xn with n = 2, 3 or 4. The presence of X1 is
imposed in order to guarantee the existence of one branch of solutions continuously connected
with the EH Lagrangian at low curvatures. For these particular cases, the two independent
conditions (3.7) are
a1(P1 − P2) + an(P n1 − P n2 ) = 0,
a1(P1 − P3) + an(P n1 − P n3 ) = 0. (3.13)
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For the axisymmetric case, we can choose P2 = P1 so that the first equation is trivially satisfied,
and we have a relation P3(P1). For a completely anisotropic solution without axisymmetry,
the equations (3.13) imply a relation P3(P1, P2) of the form
an
a1
=
P n1 − P n2
P1 − P2 =
P n1 − P n3
P1 − P3 . (3.14)
For n = 2, this relation can be reduced to P1 + P2 = P1 + P3 which in turn implies P2 = P3
and, consequently, only axisymmetric solutions are allowed. For n = 3 we instead obtain two
branches of solutions, the axisymmetric one, and a second branch with P1 +P2 +P3 = 0 so the
completely anisotropic solutions for n = 3 must have Pˆ with traceless spatial part. Finally,
for n = 4 we again have the axisymmetric branch and possibly another completely anisotropic
branch defined by the relation
(P 21 + P
2
2 )(P1 + P2) = (P
2
1 + P
2
3 )(P1 + P3). (3.15)
As can be seen by writing the explicit solutions for P3
P3 = −P1 + P2 ±
√−((P1 + P2)2 + 2P 21 + 2P 22 )
2
or P2 = P3, (3.16)
this equation has no real solutions other than P2 = P3 which is also an axisymmetric solution.
Thus, for n = 4 there can be no completely anisotropic branches. Solving the space of
potentially anisotropic solutions for the general case is very cumbersome so in the next section
we will focus on the quadratic theory. This will be relevant for the general theories with
solutions that are perturbatively close to those of the EH action at low energies so it will be
possible to extract information for the general theories from our analysis of the quadratic one.
3.4 General quadratic theory
Let us consider the general quadratic theory in terms of the Ricci tensor described by the
function F (X1, X2) in (2.2)
F = X1 + αX
2
1 + βX2 = [Pˆ ] + α[Pˆ ]
2 + β[Pˆ 2]. (3.17)
Note that the parameter that would have gone with X1 is fixed to 1 in order to recover
the EH action at low curvatures. Although this theory may seem to have 2 independent
dimensionless parameters α and β, one of them can be absorbed into the mass scale M2 and
only one parameter remains free (besides the non-linear scale M). Thus (3.17) is the most
general quadratic Lagrangian that reduces to the EH in the low curvature limit within the
RBG family and captures the perturbative effects of any non-linear theory in that regime.
Of course, there could be non-perturbative effects that are not properly captured by (3.17),
although this would typically imply strong departures from GR in the low energy regime which
– 9 –
could be observationally accessible. In order to obtain the dependence of the curvatures Pi
in terms of the energy content we make use of (3.2) and (3.3), which particularised for the
general quadratic action (2.2) read
P0 − Tr(Pˆs) + α
[
3P 20 + 2P0Tr(Pˆs)− Tr2(Pˆs)
]
+ β
[
3P 20 − Tr(Pˆ 2s )
]
+ 2ρ = 0,
2Pi − Tr(Pˆ ) + α
[
4PiTr(Pˆ )− Tr2(Pˆ )
]
+ β
[
4P 2i − Tr(Pˆ 2)
]
− 2p = 0,
(3.18)
where i = 1, 2, 3 and Pˆs is the spatial 3× 3 sub-matrix of Pˆ . From here on, we will drop the
bar in ρ¯ to ease the notation, but all the ρ’s appearing in the text should be understood as
normalised by 1/(M2M2Pl). According to what has been discussed in section 3.3, a quadratic
theory can only have isotropic or axisymmetric solutions, but not completely anisotropic
solutions are allowed. Thus, in order to look for solutions to the above system of equations
(3.18) we might first impose isotropy or axisymmetry. In the former case, with P1 = P2 = P3
the above equations (3.18) reduce to
0 =3α
[
2P0P2 − 3P 22 + P 20
]
+ 3β(P 20 − P 22 ) + (P0 − 3P2) + 2ρ
0 =P0 + 3P2 + 3p− ρ;
(3.19)
and in the the axisymmetric case, we find
0 =P0 + 2P1 + P2 + 3p− ρ,
0 =(P1 − P2)
[
1 + 2α(P0 + 2P1 + P2) + 2β(P1 + P2)
]
, (3.20)
0 =α
[
2P0(2P1 + P2)− (2P1 + P2)2 + 3P 20
]
+ β(3P 20 − 2P 21 − P2) + (P0 − 2P1 − P 22 ) + 2ρ,
where we have chosen P1 = P3 6= P2 (note that the physical solutions will not distinguish
between this choice and P1 = P2 6= P3 or P1 = P3 6= P1). Due to the nonlinearities of the
systems,both the isotropic and axisymmetric cases have two branches of solutions. Assuming
a barotropic fluid with p = ωρ, the first isotropic branch (that we will call iso-branch-1) is
given by
P0(ρ) =
(3ω − 1)(6α + β)ρ− 3
(
1−√1− [4α(3ω − 1) + 2β(1 + 5ω)]ρ+ (1− 3ω)2(2α + β)2ρ2)
8β
P1(ρ) =
1 + (1− 3ω)(2α + 3β)ρ−√1− [4α(3ω − 1) + 2β(1 + 5ω)]ρ+ (1− 3ω)2(2α + β)2ρ2
8β
(3.21)
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and the second isotropic branch (iso-branch-2) is given by the functions
P0(ρ) =
(3ω − 1)(6α + β)ρ− 3
(
1 +
√
1− [4α(3ω − 1) + 2β(1 + 5ω)]ρ+ (1− 3ω)2(2α + β)2ρ2
)
8β
P1(ρ) =
1 + (1− 3ω)(2α + 3β)ρ+√1− [4α(3ω − 1) + 2β(1 + 5ω)]ρ+ (1− 3ω)2(2α + β)2ρ2
8β
(3.22)
For the axisymmetric case, both branches have the same solution for P0(ρ), namely
P0(ρ) =
−2ρ2(1− 3ω)2(α + β)(2α + β) + 2ρ(α(6ω − 2) + β(5ω − 1))− 1
4βρ(3ω − 1)(2α + β)− 4β (3.23)
and the two branches differ in their solutions for P1(ρ) and P2(ρ). The first axisymmtric
branch (axi-branch-1) is described by
P1(ρ) =
−2ρ2(1− 3ω)2(α + β)(2α + β) + ρ(−4(α + β) + 12αω + 8βω)− 1
4βρ(3ω − 1)(2α + β)− 4β
P2(ρ) =
2ρ2(1− 3ω)2(2α + β)(3α + β) + 2ρ(α(6− 18ω) + β(3− 7ω)) + 3
4βρ(3ω − 1)(2α + β)− 4β
(3.24)
and the second axisymmetric branch (axi-branch-2) is described by the functions
P1(ρ) =
6ρ2(1− 3ω)2(α + β)(2α + β)2 − 4ρ(2α + β)(α(9ω − 3) + β(12ω − 5)) + 6α + 11β
12βρ(3ω − 1)(2α + β)2 − 12β(2α + β)
P2(ρ) =
2ρ (6α2(3ω − 1) + αβ(33ω − 17) + β2(15ω − 7))− 6ρ2(1− 3ω)2(α + β)2(2α + β)− 3α− 5β
12βρ(3ω − 1)(α + β)(2α + β)− 12β(α + β) .
(3.25)
As far as the deformation matrix Ωˆ is concerned, it can be written in terms of the P ’s by
means of (2.7). For the general quadratic Lagrangian given by (3.17) we find
Ωµ =
[∏3
ρ=0
(
1 + 2βPρ + 2α
∑3
γ=0 Pγ
)]1/2
1 + 2βPµ + 2α(P0 + P1 + P2 + P3)
. (3.26)
Let us analyse the behaviour of these solutions for radiation and matter fluids. The first
thing to notice here is that while the eigenvalues of Pˆ , and therefore of Ωˆ, depend on both
parameters α and β for a matter fluid (ω = 0), they do not depend on α for a radiation fluid
(ω = 1/3), thus β is the only relevant parameter that controls the behaviour of radiation
fluids, and therefore it can be absorbed into the mass scale M (up to a sign) so that the
theory is completely determined by this scale in the case of a radiation fluid. Then, while for
a radiation fluid β 7→ −β is equivalent to ρ 7→ −ρ, for a matter fluid we find an equivalence
between (α, β) 7→ (−α,−β) and ρ 7→ −ρ. Thus, qualitatively, we have one kind of behaviour
for radiation fluids, and two different behaviours for matter fluids, depending on the sign of
α/β.
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3.4.1 Isotropic solutions in the quadratic theory
Isotropic solutions (figure 1) have already been studied in [33] where asymptotically Minkowski
solutions and bouncing solutions are found. We will here review the behaviour of the defor-
mation matrix for these solutions. Given that Ωˆ is proportional to the square root of det(FPˆ ),
we must first study the sign of det(FPˆ ) for the different solutions (we will assume β < 0). The
qualitatively distinct cases for det(FPˆ ) in isotropic solutions are plotted in fig.1.
Figure 1. The determinant of ∂F/∂Pˆ is plotted for both isotropic branches and β = −0.1. The
plot above in the right is plotted for α = −0.01, and the two below for α = 0.01 and α = 0.0345 (left
and right respectively). It can be seen how det(FPˆ ) = 1 in vacuum for iso-branch-1 in all the cases,
but that is never the case for iso-branch-2.
For a radiation fluid we have that det(FPˆ ) is positive in the interval ρ ∈ ( 316β ,− 92β ) and
negative for ρ > − 9
2β
in the iso-branch-1 (given by (3.21)); and it is positive in the interval
ρ = ( 3
16β
, 1
6β
) and negative for ρ > 1
6β
in the iso-branch-2 (given by (3.22)). At ρ = 3
16β
both
branches give the same value for det(FPˆ ), and it becomes complex (in both branches) for
ρ < 3
16β
. Thus the two branches come from one single solution in the complex plane. For
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the matter dominated case the analysis is a bit more complex in the general case. We find
two different qualitative behaviors that depend on the relative sign between α and β. For
the case with α and β having the same sign, we see that each both branches have a zero
in det(FPˆ ) at positive values of ρ. Indeed the zeros are given by ρ =
−
√
3αβ+β2−6α−2β
12α2+7αβ+β2
in
the iso-branch-1 and ρ =
√
3αβ+β2−6α−2β
12α2+7αβ+β2
in the iso-branch 2. In this cases both branches
have det(FPˆ ) ∈ R for all values of ρ, with the iso-branch-1 monotonically decreasing, and the
iso-branch-2 monotonically increasing. Only the iso-branch-1 satisfies that det(FPˆ ) = 1 in
vacuum, thus recovering GR. The case with opposite signs of α and β is much more involved.
This is due to the fact that there are more possible values of ρ at which det(FPˆ ) has zeroes
or poles, as well as intervals in which it becomes complex; and this in general depends on the
particular values of the parameters α and β. In fig.1 we plotted two of the possible cases.
Note that in these cases, the richer structures of zeros and plots of det(FPˆ ) gives rise to
disconnected (in a continuity sense) sub-branches within the two isotropic branches. Each
of the sub-branches of one of the branches always connects smoothly with one of the sub-
branches of the other branch, thus implying again that both branches come from a unique
solution in the complex plane.
A feature worth to note is that, for isotropic branches, the value of det(FPˆ ) in vacuum is
independent of α and β, and it evaluates to 1 for iso-branch-1 and to −27/16 for iso-branch-2.
Given that the deformation matrix is proportional to
√
det(FPˆ ), the iso-branch-2 does not have
a well defined Einstein frame in vacuum. Regarding the properties of the deformation matrix ,
the first thing to point out is that the value of the deformation matrix in vacuum for isotropic
solutions does not depend on the values of the parameters α and β, and it is the identity
for iso-branch-1, whereas for iso-branch two we find Ωˆρ→0 = i
√
3/2 diag(−3, 1, 1, 1). This
implies that while for iso-branch-1 the non-linearities always smoothly disappear vacuum, the
Einstein frame of iso-branch-2 is not well defined in vacuum since there are no real solutions
in this case. This properties can be verified in fig.2, where we plot the eigenvalues of the
deformation matrix for the different cases. From the plots we can also see how, except for
the radiation solutions, matter solutions with α/β > 0 and one of the subcases of matter
solutions with α/β < 0 (corresponding to 3α + β < 0 ), the deformation matrix becomes
singular at some maximum density thus jeopardising the construction of the Einstein frame
at higher densities. Physically, this is associated to an actual upper bound for the energy
density allowed in these branches of the theory, a property with the potential to regularise
both black hole and cosmological solutions and, consequently, the avoidance of singularities by
generating a wormhole throat or a bounce when the energy densities reach this critical value
[29, 31–34, 50, 53, 55, 57, 59–61]. It is important to stress however that these solutions can
also present other pathologies (instabilities, violations of energy conditions, superluminalities,
etc.). Notice that this does not happen for the 3α+ β > 0 subcase of the α/β > 0 solutions5,
5The sign of 3α+ β is related to the structures of zeroes of det(FPˆ ).
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Figure 2. The eigenvalues of the deformation matrix are plotted for both isotropic branches and
β = −0.1. The plot above in the right is plotted for α = −0.01, and the two below for α = 0.01 and
α = 0.0345 (left and right respectively). It can be seen how the deformation matrix reduces to the
identity in vacuum for iso-branch-1 in all the cases, but that is never the case for iso-branch-2.
where the deformation matrix does not become critical at any positive value of ρ.
3.4.2 Axisymmetric solutions in the quadratic theory
Let us now turn to the analysis of the axisymmetric solutions, focusing on whether there is any
viable mechanism of isotropisation at low densities for any of the branches and sub-branches
of solutions to the general quadratic theory. Axisymmetric branches are characterised by
Pi,j = Pk and Pj 6= Pi. We will assume P1 = P3 6= P2 without loss of generality through
this section. As for the isotropic case, there are two branches of anisotropic solutions given
by (3.24) (axi-branch-1) and (3.25) (axi-branch-2). As in the isotropic case, the axi-branch-
1 when coupled to a radiation fluid, does not depend on the values of α. Concerning the
determinant of FPˆ in vacuum, it is independent of the model parameters for axi-branch-1,
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and takes the same value than in iso-branch-2, suggesting that iso-branch-2 might be an
isotropic limit of axi-branch-1. However for axi-branch-2, it does depend on the values of α
and β as
lim
ρ→0
det(FPˆ )axi−2 =
(3α + 5β)2(6α + 11β) (6α2 + 13αβ + 9β2)
1296(α + β)3(2α + β)2
(3.27)
Thus, the parameters could in principle be tuned so that det(FPˆ )axi−2 = 1 in vacuum.
Generally, det(FPˆ ) has several roots, the number depending on the relations between α
and β except for the radiation case in axi-branch-1, where it vanishes when det(FPˆ ) ∝
(4βρ − 9)(4βρ + 3)(4βρ + 9)2. In Fig. 3 we show plots of det(FPˆ ) for both branches in
the matter and radiation dominated cases.
Figure 3. Plots of det(FPˆ ) for axisymmetric solutions, both with values β = −0.1 and α is chosen
so that det(FPˆ )axi−2 = 1 in vacuum for that value of β (α ≈ −0.0213). The left plot is for a radiation
fluid while the right one is for a matter fluid.
As for the properties of the deformation matrix in vacuum, it is complex for axi-branch-1,
taking the value Ωˆaxi−1
ρ=0
= i
√
3/2 diag(1, 1,−3, 1), which is different than that of iso-branch-
2, hence implying that one branch cannot be the isotropisation of the other, as neither can
be axi-branch-2 due to the dependence on α and β of Ωˆ in vacuum. This suggests that
axisymmetric and isotropic branches are in general non-perturbatively different from isotropic
branches for the general quadratic theory even at low densities. However, although it is not
possible to find particular combinations of α and β such that the deformation matrix becomes
the identity in vacuum, we can indeed find particular combinations such that it isotropises in
vacuum. Nonetheless, for axi-branch-2, some of its eigenvalues are always negative in vacuum,
thus jeopardising the hyperbolic nature of the field equations. Apart from not having a well-
defined vacuum, the deformation matrix for axisymmetric solutions is complicated, as can be
seen with the examples plotted in figure 4. There is always a point for which the axi-branch-1
isotropizes and then become anisotropic again as the density grows. At this isotropization
point, the eigenvalues of Ωˆ of axi-branch-1 coincide with those of iso-branch-1 both for matter
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Figure 4. Plots of the eigenvalues of Ωˆ. The top-left graphic is plotted for the values of β = −0.1
and the value of α such that det(FPˆ )axi−2 = 1 in vacuum (α ≈ −0.0213), the top-right is plotted
for α = −0.01 and the value of β such that Ωˆ isotropizes in vacuum (β ≈ 0.1297), and both on the
bottom are plotted for α = −0.01 and β = −0.1 respectively. The axi-1-branch always isotropizes
to iso-branch-1 at some non-zero density for both fluids and in a non-smooth way for the spatial
eigenvalues, but the axi-2-branch isotropizes but not to the iso-branch-1 (neither 2) except for a
particular value of the parameters. In this case, the spatial eigenvalue does not isotropize at the
same value of ρ as the temporal one.
and radiation. Nevertheless, the derivatives of the eigenvalues are never the same for isotropic
and axisymmetric solutions at that point. The hope that an anisotropic solution could then
isotropize in a smooth (and thus predictable) way is in vain. For axi-branch-2, although it
isotropizes, it does not meet the iso-branch-1 (remember the only isotropic branch giving the
correct low-density limit).
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4 Anisotropic deformation matrix in physical scenarios
Having understood which are the necessary conditions for a given RBG theory to have solu-
tions with anisotropic deformation matrix, we can now analyse the consequences in scenarios
with physical interest, such as cosmological evolution or black hole scenarios.
4.1 Application to Cosmology
The results obtained in the previous section apply to general spacetimes filled with a perfect
fluid. We will now focus on a cosmological context where the fluid is also homogeneous, i.e.,
which have a symmetry under spatial translations. Our interest here is to study a scenario
where the spacetime metric is isotropic but the qµν metric is not, so that matter fields do indeed
see an isotropic universe but gravitational waves propagate in a non-anisotropic background.6
The spacetime metric will thus have an FLRW form
ds2g = −N2(t)dt2 − a2(t)dx2 (4.1)
where we have assumed vanishing curvature of the spatial sections. Since we are exploring
solutions where the deformation matrix is not isotropic, the metric qµν will be of the Bianchi
I form
ds2q = −N2q (t)dt2 −
3∑
i=1
a2i (t)(dx
i)2. (4.2)
We can defined the isotropic scale factor a˜ = [a1a2a3]
1/3 and encode the anisotropic expansion
in γij(t) = e
2βi(t)δij, with βi = log (ai/a˜), and no summation over i in the definition of γij is
understood. Notice that the functions βi describing the anisotropic expansion are subject to
the constraint
3∑
i=1
βi = 0. (4.3)
We can now use the relations between ai and a to define the function A ≡ a˜/a =
(
Ω1Ω2Ω3
)1/6
that relates the isotropic scale factor of the q-metric and the scale factor of gµν . Using this
definition, we can write βi in the form
βi =
1
2
log
Ωi
A2 , (4.4)
and we also have that
a˜i =
√
Ωi
(Ω1Ω2Ω3)1/3
a˜ =
√
Ωi
A a˜. (4.5)
6Recall that minimally coupled matter fields propagate in the background of the spacetime metric in RBG
theories, whereas gravitational waves do so according to the background of qµν [43].
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Furthermore, In Bianchi I, one can define 3 Hubble rates and an averaged one as follows
H˜i ≡
˙˜ai
ai
=
d
dt
log a˜i , H˜ =
˙˜a(t)
a˜(t)
=
d
dt
log a˜(t), (4.6)
which by using the continuity equation can be written as
H˜ = H
[
1− 3(ρ+ p) (∂ρ logA+ c2s∂p logA)] . (4.7)
This will allow us to see how when gµν is in an expanding phase, the metric qµν can be in a
stationary or contracting phase (see fig. 5). The above expression is also useful to re-write
each of the three Hubble rates in terms of the average variables as
H˜i = H˜ + β˙i. (4.8)
Figure 5. Here we plot the ratio between the Hubble factor of the RBG frame (i.e. that associated
to gµν) and the averaged Hubble factor of the Einstein frame (i.e. that associated to qµν) for the
general quadratic theory given by (3.17). ρ is normalized by 1/M2M2Pl and we have chosen α = −0.2
and β = −0.1. We can see how there is a density above which a gµν expanding phase corresponds
to a qµν contracting phase and viceversa for both isotropic and axisymmetric branches.
It is also convenient to introduce the scalar shear, which measures the deviation from the
isotropic case
σ2 =
3∑
i=1
β˙2. (4.9)
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One might also wonder what form would have the modified Friedman equation using the
metric (4.2). First we find that the 00 component of the Einstein tensor of the qµν metric is
G00(qˆ) = H˜1H˜2 + H˜1H˜3 + H˜2H˜3 = 3H˜
2 − 1
2
σ2 (4.10)
here we have made use of the constraint of Eq. (4.3). As we already know, H˜ is given in
terms of the energy density and the Hubble rate of the FLRW spacetime metric (see (4.7)).
Furthermore, the shear can also be expressed in terms of the deformation matrix
σ2 =
3∑
i=1
β˙2 = H2
3∑
i=1
[
(∂ρβi + c
2
s∂pβi)(−3(ρ+ p))
]2
(4.11)
Therefore,
G00(qˆ) = 3H
2(t)
[ [
1− 3(ρ+ p) (∂ρ logA+ c2s∂p logA)]2 − 16
3∑
i=1
[
(∂ρβi + c
2
s∂pβi)(−3(ρ+ p))
]2 ]
(4.12)
or in terms of of Pˆ = gˆ−1Rˆ/M2.
Gˆ(q) = Rˆ− 1
2
qˆTr(qˆ−1Rˆ) = M2gˆ
[
Pˆ − 1
2
ΩˆTr(Ωˆ−1Pˆ )
]
. (4.13)
By means of (4.12) and (4.13), we obtain the following equation for H2
3H2
N2M2
=
1
2
(∑
i
Ω0
Ωi
Pi − P0
)
[1− 3(ρ+ p) (∂ρ logA+ c2s∂p logA)]2 − 16
∑3
i=1 [(∂ρβi + c
2
s∂pβi)(−3(ρ+ p))]2
,
(4.14)
where the right hand side can be written as a function of ρ and p by solving the field equations
(3.2) and (3.3). We see that the non-linearities that permit the existence of the anisotropic
solutions also complicate the structure of the corresponding Friedman equation.
4.2 Static spherically symmetric geometries
Another typical scenario would be that of spherically symmetric solutions. We can then study
what kind of metric qµν we can get from an arbitrary static spherically symmetric spacetime
metric gµν . As is well known (see e.g. [82]), a general static and spherically symmetric metric
can be written as
ds2g = −C(r)dt2 +B−1(r)dr2 + r2
(
dθ2 + sin2(θ)dφ2
)
, (4.15)
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where r measures the area of the 2−spheres. Since Ωˆ can be written in vacuum as an analytic
function of qˆ or gˆ and the matter fields, we can assume an arbitrary but diagonalised Ωˆ. Using
(2.6) and (4.16) we can then write
ds2q = −C˜(r)dt2 + B˜−1(r)dr2 + r˜2
(
dθ2 +
Ω3
Ω2
sin2(θ)dφ2
)
, (4.16)
where C˜ = Ω0C, B˜
−1 = Ω1B−1 and r˜2 = Ω2r2 and r can be solved in terms of r˜ and the
matter fields.
In the presently used coordinates, the metric qµν is also spherically symmetric in the case
that Ω2 = Ω3 but otherwise it will be spherically symmetric in some coordinates in which
φ is periodic in (Ω3/Ω2)
−1/22pi, and thus it will suffer from a conical singularity due to a
deficit in angle. Regarding the presence or not of horizons notice that a divergence of the
grr component, which usually shows the presence of event horizons, is also translated as a
divergence of the qrr component due to the analiticity of the deformation matrix. Moreover,
the divergence takes place for the same value of the x coordinate. Thus, event horizons get
mapped in a trivial way.
5 Anisotropy in the Einstein frame
After exploring the possibility of having an anisotropic deformation for an isotropic matter
source, it is illuminating to look at the problem from the Einstein frame perspective directly.
We will briefly summarise the procedure to go to such a frame here that is more extensively
discussed in e.g. [28] (see also [26, 71] for an extension to non-minimally coupled matter
fields). Since the connection field equations (2.5) are formally the same as in the first order
formalism of GR but here for the metric qµν , the connection can be algebraically solved as
the Levi-Civita connection of qµν (up to an irrelevant projective mode [83]). Taking this into
account, the field equations for RBG theories can be recast into [72]
Gµν(q) =
1
M2Pl
T˜ µν (5.1)
where we have defined the Einstein tensor Gµν(q) ≡ qµρRνρ(q)− 12qρσRρσ(q)δµν of the metric
qµν , and the corresponding energy-momentum tensor
T˜ µν ≡ 1√
det Ωˆ
[
gµαTαν −
(
LG + 1
2
T
)
δµν
]
. (5.2)
Since (2.6) can be used to algebraically solve g in terms of q and the matter fields, these are
nothing but the field equations for GR coupled to the matter sector obtained after integrating
out the non-dynamical fields. Indeed, (2.6) allows to perform a field redefinition of the metric
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to find a matter action as a function only of the metric qµν and the matter fields. This relation
is given by
√−qqµν = 2κ2√−g ∂F
∂Rµν
(5.3)
which after writing F in terms of the metric gµν and the matter fields by means of (2.4)
gives a non-linear relation between gµν , qµν and the matter fields analogous to the non-linear
equations for Ωˆ that we solved for the general quadratic theory in section 3.4. After solving
for gˆ(qˆ, Tˆ ) the original RBG action can be equivalently written as
S = 1
2
M2Pl
∫
d4x
√−qqµνRµν(q) + S˜m[qµν , ψ], (5.4)
where we have collectively denoted the matter fields by ψ and S˜m is the resulting matter
action after integrating the connection out and solving for gˆ(qˆ, Tˆ ). The Einstein equations
(5.1) then follow from this action upon the following identification:
−2√|q|qµα δS˜δqαν ≡ T˜ µν . (5.5)
The action (5.4), which is equivalent to the RBG action but written in other field variables,
is called the Einstein frame of the theory, and we refer to the original form of the theory (2.1)
as the RBG frame. It is crucial to realise that no additional dof’s have been introduced to go
to this frame, thus showing explicitly that the gravitational sector propagates the usual two
polarisations of the graviton.
Having arrived at this equivalent formulation of the theory in the usual GR fashion,
it is pertinent to ask how to square the obtained anisotropic deformations with the no-hair
theorems of GR [84]. This becomes even more pressing in view of (5.2) which clearly shows
that the source of the Einstein equations for qµν , namely T˜
µ
ν , is isotropic provided both Tµν
and gµν are. Then, how do we reconcile the general result that the shear decays with the
persistent anisotropic solutions obtained in the precedent sections? The resolution to this
dichotomy again comes from the non-linearity of the Einstein equations that allows to have
anisotropic solutions even if the source is isotropic. The no-hair theorems for cosmological
solutions, for instance, states that the anisotropic shear typically decays during the expansion.
In our case, we have obtained that it is possible to have an anisotropic deformation, which
is equivalent to having a Bianchi I metric for qµν even if gµν is of the FLRW type. That the
anisotropy can be maintained can be understood from the fact that an expanding solution
for the matter fields requires that the metric gµν describes a growing scale factor, but the
evolution for the metric qµν , besides being anisotropic, does not need to correspond to an
expanding phase, as can be seen in Fig. 5. For instance, if this anisotropic evolution describes
a contracting phase, the shear corresponding to qµν can actually grow substantially while the
metric gµν describes an isotropic expanding phase. On the other hand, even if the evolution
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also corresponds to an expanding phase, the effective expansion of the metric qµν can be
slower than the one experienced by matter fields so that it can persist after many e-folds of
the matter fields expansion.
An interesting example to consider in some detail is that of a cosmological constant or,
more generally, matter sectors that are able to support maximally symmetric backgrounds.
A quick glance at (5.2) reveals that a cosmological constant in the RGB frame also gives a
cosmological constant in the Einstein frame. If we assume Tµν = Λgµν , then we find that
T˜ µν = −LG + Λ√
det Ωˆ
δµν ≡ Λ˜δµν . (5.6)
By virtue of the Bianchi identities associated to diffeomorphisms, we find that Λ˜ must also
be a constant so that the solution for qµν will also correspond to a maximally symmetric
metric. It can happen however that a positive Λ can lead to a negative or vanishing Λ˜.
However, drawing any physical conclusion from this is of limited interest since in the absence
of propagating matter fields, the only physically relevant object is the metric qµν that describes
the characteristics of the propagation of gravitational waves. In this respect, it should be
noticed that what one would call vacuum configuration in the RBG frame is different from the
vacuum configuration in the Einstein frame. For instance, if we have a vacuum configuration
with Tµν = 0, in the Einstein frame this configuration would give rise to a cosmological
constant. Likewise, if we define the vacuum in the RBG frame as the configuration with
trivial matter fields, we can have a cosmological constant, but the value of the cosmological
constant in both frames will be different.
The physical effect that could be measured comes when we compare the propagation
of gravitational waves and some matter fields. In the minimally coupled case that we are
considering, the matter fields follow the geodesics of gµν while gravitational waves see the
metric qµν (see e.g. [43]). Let us assume that gµν = ηµν and Ωˆ is anisotropic so we have
qµν = diag(N, a, b, c) and, for simplicity, we will assume that they are constant (i.e. we
are considering vacuum configurations). If we now compare the trajectories of photons and
gravitons, they respectively follow the null geodesics of the metrics:
ds2g = −dt2 + dx2, (5.7)
ds2q = −Ndt2 + adx2 + bdy2 + cdz2. (5.8)
If we emit a graviton and a photon at t = t0 from the origin along the z−direction, we will
have
zphoton = t− t0, zgraviton = N
c
(t− t0) (5.9)
so their trajectories differ as ∆z =
(
1− N
c
)
(t − t0). This would of course be tightly con-
strained by the observations of the neutron star merger [85]. An important point to realise is
that the effect of the anisotropic Ωˆ cannot be absorbed into a coordinate redefinition, since
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that would affect the propagation of the matter fields and the relative separation would re-
main. In the standard case, the fact that all fields follow the same metric is what allows to
absorb the anisotropic solutions of vacuum Einstein equations that we have considered into
a redefinition of the coordinates so that it does not have any physical effect. Furthermore,
notice that this effect does not depend on the deformation matrix being anisotropic, but it
will arise whenever Ωˆ 6= 1. The fact of having an anisotropic deformation matrix will further
introduce polarisation and direction dependent effect.
Let us end our discussion on the Einstein frame by explaining another subtle point that
usually arises when going to this frame. This subtlety is related to need to solve the non-linear
equation for the deformation matrix that has been the core of this work. The Einstein frame
formulation of the RBG theories can be achieved directly working at the level of the equations,
in which case one ends up with Eq. (5.1). In those equations, the right hand side depends
on the metric gµν so, in order to properly have the differential equations determining qµν , one
needs to solve the equation for the deformation matrix Ωµν . It is then usually assumed that
the solution can be written as a covariant expression of the stress-energy tensor. By virtue of
the Cayley-Hamilton theorem, one is then entitled to make the Ansatz
Ωˆ =
3∑
n=0
cnTˆ
n (5.10)
with cn some scalar functions of the invariants of T
µ
ν and Tˆ
n denotes the n-th power. However,
though this is a very reasonable and natural guess, it does not cover the full space of solutions.
This should be clear from our results above and, owed to the non-linear nature of the matrix
equation satisfied by Ωˆ, more general solutions are possible where the explicit covariant relation
exhibited in (5.10) is spontaneously broken. For example, in vacuum, one can have solutions
where Ωˆ is not proportional to the identity so that Lorentz invariance is spontaneously broken.
The same can happen for non-vacuum situations. In the construction of the Einstein frame
at the level of the action directly, the same situation occurs when one has to integrate out
the metric gµν . Again, this is done by solving its algebraic equation, which is non-linear
and allows for branches of solutions that do not explicitly preserve covariance. After plugging
these solutions in the action, the matter sector will then contain the effects of those non-trivial
branches.
6 Discussion
In this work we have unleashed the common assumption within RBGs of an isotropic deforma-
tion and explored the possibility of having anisotropic deformations in the presence of isotropic
matter. We have studied the general conditions for a given theory to be able to accommodate
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anisotropic deformations. From the resulting general condition, we have unveiled the note-
worthy property of EiBI theories (and some of its extensions) that there are no anisotropic
deformations in presence of isotropic matter. However, for more general theories, this is not
the case and anisotropic deformations in presence of isotropic matter are (in general possible).
We have studied in more detail some specific theories and, in particular, we have exhaustively
analised the general quadratic theory. For these, we have obtained that, even though some
branches of solutions correspond to anisotropic deformations, they are generically pathological
at low densities where the branches do not exist. Obviously, these branches are disconnected
from the solution that continuously connects with GR at low densities. Despite the specificity
of this result for quadratic theories, it makes apparent that branches of any theory that are
perturbatively close to GR at low densities, do not admit smooth anisotropic deformations.
Thus, the anisotropic branches of more general theories with a smooth behaviour at low den-
sities must be non-perturbative, i.e., they must strongly rely on its non-linear nature. As
applications of our general formalism, we have considered the case of cosmological scenarios
and spherically symmetric spacetimes. Finally, we have discussed how the obtained results
can be understood from the perspective of the Einstein frame that these theories admit in
terms of the evolution of the shear.
In conclusion, the usual isotropic Ansatz, besides being a natural choice, it may be nec-
essary to avoid pathologies. We should notice however that the suitability of the isotropic
deformation was not guaranteed a priori. As an example we can mention the cosmological
isotropic bouncing solutions that can be unstable due to the growth of the shear in the con-
tracting phase and something along these lines (barring the obvious differences) may have
happened for the solutions with isotropic deformation in RBGs. Our analysis then provides a
strong support for the physical motivation of the isotropic Ansatz.
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